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ABSTRACT

An induction motor with unsymmetrical stator windings fed by three-phase
unbalanced voltages is analyzed. It is a highly generalized case, where the
method of the symmetrical components is applied. The symmetrical components
of voltages and currents were determined, as well as the expressions of motor’s
positive, negative and zero sequence impedances. The obtained results allow
the steady-state analysis of three-phase induction motors built with distinct
types or values of stator windings asymmetry.
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RESUMEN

El trabajo analiza el motor de induccién trifasico con embobinados de estator
no simétricos, alimentados por un sistema trifasico con voltajes desequilibrados.
Se trata de un caso de un alto grado de generalizacién en que se aplica el método
de los componentes simétricos. Se han determinado los componentes simétricos
de las tensiones y corrientes asi como las impedancias para secuencia positiva,
negativa y cero. Los resultados obtenidos permiten el analisis, en régimen
estacionario, de los motores de induccion trifasicos fabricados con distintos
tipos o grados de asimetria en los embobinados del estator.

PALABRAS CLAVE
Motor de induccidn no simétrico, componentes simétricos.

INTRODUCTION

Indisputably, one of the most powerful method for the analysis of the electrical
machines under conditions of unbalanced voltage supply is the method of
symmetrical components, invented by C.L. Fortescue.'? This method is widely
used in the analysis of unbalanced static networks, but it is most appropriate for
the analysis of symmetrical machines during unbalanced operations.

Fortescue’s method has been extended by different authors,**%6 to cover certain
types of single-phase motors. The basis of the symmetrical component method is
to split the single system of unbalanced voltages into two or more independent
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systems of balanced voltages.” According to this
approach, the three-phase system of unbalanced
voltages can be split into three symmetrical
components namely: positive, negative and zero
sequence components.

This paper presents an application of the method
of symmetrical components in a more general case
than in those presented in technical literature. This
application brings up the issue of a three-phase
induction motor with unsymmetrical stator phases,
supplied by a three-phase system of unbalanced
voltages. The paper includes the calculation of
the symmetrical components of positive, negative
and zero sequence current and voltages, and the
determination of the “symmetrical components” of
motor impedances.

THE MAGNETIC FIELD IN THE AIR GAP

It is considered a three-phase induction motor
with unsymmetrical phases (figure 1). It is presumed
that stator windings are distributed sinusoidally
in space. The phase windings A, B and C have
Wa, Ws and respectively Wec turns. It is considered
that Ys#7Yc# 0. Stator windings are supplied
in steady-state sinusoidal conditions by a three-
phase unbalanced voltage system: Ua, Us, Uc . Phase
currents:

i, = V2 |, cosmt
I, =2 I, cos(wt—o,)
i, =2 I.cos(ot—0,), (D

Fig. 1. Schematic representation of the unsymmetrical
three-phase induction motor; the rotor has a symmetrical
cage.
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flowing in stator windings are expressed in the
complex plane as:

—j0

lA:IA'e
— -jo)
I,=1, -’
— —io
Lo=1_-e’. )

For each phase it is considered a sinusoidal
variation of the magnetic field in the air gap
along the pole pitch. The magnetic fields have
maximum values in pole axes and for effective
value of the magnetizing force there are considered

expressions:

4 .

0, =—w_k, -i,
TC A
4 .

0,=—w,-k_-i
T
4 .

0, =—w_-k_-i
n , 3)

where K,, , K, , K, represents the winding factors

of the three phases. Under complex form:

W2
:—WA

QA 'kWA 'lA
T

QB:4 2WB'kWB.lB
T

Qc = 4\/5 W, - kwc 'I_c : 4)
L

If the effects of the three phase fields are added
in the air gap, then a space vector of the magnetizing
force is obtained under the following expression:

0=0,4+60_-¢"+0_-e". (3)

The space vector defined by relation (5) includes
also the variation in time of the units for each phase
and the variation in space of their resulting sum. This
vector is a complex quantity from a complex plane
perpendicular to the motor axis. The orthogonal
components of this space vector are:

6=6,+j0,. (6)
to which it is added the zero component:
1
90:5(9A+ea+ec). (7)

In the analysis below the method of symmetrical
components shall be used. It is known that a
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sinusoidal time function may be expressed as a sum
of two conjugated complex quantities. As a result
the following may be stated:

0,=2(0,+0]

2

: ®)
0, =5(€_)B+GB
0. =~ +0.

With the expressions (8) and (5) it is obtained
in the end:

é:%@L+Q{€m+Q;€mﬁ-
+%(QA+QB e +0,-¢")=0.+0_ (9

where 0. isa space vector of positive sequence and
0 _ is a space vector of negative sequence.

Generally, 0 represents the magnetlzmg force of an
elliptical rotating magnetic field, 6.and6 - represent
the magnetizing forces of two circular magnetic fields
turning in opposite directions, produced by two three-
phase symmetrical current systems.

THE SYMMETRICAL COMPONENTS OF
CURRENTS

We shall obtain in this paragraph the relations to
calculate each current cornponent, when the values of
the currents (1,, 1,, 1) through the motor phases
are known.

The three- phase current system of positive
sequence (I, , I, , 1. )hastoproduce in the air gap
only one space vector of positive sequence (0 - ). The
negative sequence field (0 -) and the zero sequence
field (0, ) have to be zero.

As a result, following conditions are obtained
from relations (7) and (9):

1 iv irc 3
E(QM +0, e +0, ‘e =59A+

Jve Y —
., '€ )— 0

26, 0. +0.)=0

1 v
7@, +0, - +0

(10)
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Using relation (4) and coefficients

K w_ -k
—=2 20k =—=
w, -k, w, -k,

w, -
K =

B

¢07
)

the equation system (10) becomes:
21, +k 1, -e™+k 1. -e*=0
Lo+k 1, e +k I, -e™=0

LTkl +k. 1. =0
This system of linear equations is homogenous
and allows determination of fictitious currents of
positive sequence. In order for a solution to exists,
the determinant of the equations system must be zero.
If this condition is fulfilled, from (12) the following
solutions are obtained in the end:

(12)

1 , 1
lB+:k_I_A+'a 5 I_c+:k_|_A+'a, (13)
where
a=e’';a =¢° (14)

Following similar considerations, for the three-
phase current system of negative sequence (I, ,
1., I. ), we obtain the solutions:

1 (15)

B :kil_k "a; lc, :LLA ‘a’,
B C

The zero component of the magnetizing force
produces in the air gap an alternative magnetic field.
As a result, it should be imposed the condition that
the two fields (positive and negative) have equal
magnitudes and in this way, by superposition it
should be obtained a single alternative magnetic
field, with fixed direction in space. In consequence,
the condition is stated as:

|lA0 + kBl JYB + k I JYC —
=Hm+hl e +k I, el (16)
From this condition the currents are given by:

1 1
l,=—1,;1.=—1,. 17
—Bp kB —A > —Co kC —A ( )

Using the above relations, at this time the transfer
could be made from phase components to the
symmetrical ones as well as the reverse transfer.

Using the methods of symmetrical components,
and the relations (13), (15), (17), we may write:
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L=l +L +1,

I_B :k_BI_A+a +k_BI_A_a+k_BlAO (18)

=—1 a+il a2+il
k=" k.Y kT

C C C

—C

Under matricial form system (18) becomes:

[t]=[A][L . (19)
where have been used notations:
L 111 N
[Ll=|kL| [Al=|a" a 1| [L]=|L |. (20)
k.1 |. a a'l : 1,

b

THE SYMMETRICAL COMPONENTS OF
VOLTAGES

Fictitious currents of positive, negative and zero
sequence are produced by fictitious voltages of
positive, negative and zero sequence.

According to the methods of symmetrical
components and the conservation criterion of
complex powers we may write:

Uu,=U,+U, +U,
U,=kU,a +kU,a+kU,
U . =kU,a+kU,a +k U,

1)

Under matricial form the last system becomes:

[U]=[A]U.]. 22)
where:
U
1_A J.
U]= Y UL ]=1U. (23)
15 Q’*’
_UC
_kC o _

THE IMPEDANCES OF THE SINGLE-PHASE
INDUCTION MOTOR

If an induction motor has only one winding in the
stator, a single-phase motor is obtained. Considering
the three-phase induction motor (figure 1) having
only one phase A supplied by a sinusoidal voltage,
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we obtain also the case of a single-phase motor. It
1s known that under these conditions, the alternative
magnetic field in the air gap may be split in two
symmetrical rotating fields, which rotate in opposite
directions (of positive sequence and of negative
sequence).

The positive sequence field induces in the stator
winding an e.m.f. of positive sequence (E+) and the
negative sequence field induces an e.m.f. of negative
sequence (E-). As to these two fields, the single-
phase motor winding has two impedances: a positive
sequence impedance (Z+) in relation to the positive
sequence field and negative sequence impedance (Z-)
in relation to the negative sequence, respectively.

The equivalent circuit (figure 2) corresponding to
the single-phase motor with symmetrical cage-rotor
and the values of such impedances are known:

Z =
2

%)

(24)
. A,
o Ay
| 22 :.-
. v A, e A,

Fig. 2. The equivalent circuit of the single-phase
motor.
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R =kR; X,

_m(wk,) _8(wk,)
. m2 (W2i<w2)2 - N2
where, for single phase motor with symmetrical cage

rotor was considered:** m =2; m =N, (rotors bars
number); w,=1/2; k =1.

In the relations further on, the parameters defined
above are used.

- kIXZG’

THE IMPEDANCES OF THE THREE-PHASE
SYMMETRICAL INDUCTION MOTOR 7-1o:""

Ifthe three windings of the motor are symmetrical
(Ys=2m/3,yc =4m/3), then in the air gap exists
only a positive sequence of the magnetic field and in
consequence a positive sequence impedance.

In this case, the equivalent circuit with parameters
previously defined in relations (24) for the single
phase motor is presented in figure 3. In the phase
equivalent circuit, between two stator phases appears
additionally a mutual leakage reactance X,

3

! -RI X '3X'“
o\ [\ /) 2assiianas IAI A,
3
2,
C 2
x, & 3Z
. 27 mh
U C =
3R, —
25

¥

. I A A,
Fig. 3. The phase equivalent circuit of the three-phase
symmetrical induction motor.

THE IMPEDANCES OF THE THREE-PHASE
UNSYMMETRICAL INDUCTION MOTOR

Let us consider now the three-phase motor from
figure 1, supplied by a three-phased unbalanced
voltage system. In such condition, in the air gap
of the motor are to be found six rotating magnetic
fields, two for each motor phase. Three fields rotate
in positive direction (forward wave) and other three
in reverse direction (backward wave). Each of such
fields induces an e.m.f. in stator phases. For phase
A, the six e.m.f. have the expressions:
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E __Z+IA5E _;—I_A
E+ = _k3;+ e”BlB JE— = _kaéf WB I —B (25)
-k.Z. e*1;E, =-kZ e™l,

Where Z+and Z- are the 1mpedances from the relation
(24).

Due to the mutual leakage inductance, in phase
A are also induced following e.m.f. caused by phase
B and phase C respectively:

EGAB == j kBXAA:S
E,. =-jkX,, (26)

As aresult, for phase A it is obtained the diagram
in figure 4, where:

QA:Z I +ZABIB+ZACIC’
where:

;AA = RA+J xpﬁ+.] XAA;+;++;7

COS’YB I—B

cos, .

@7

Zo=k Zem+Ze™ +j X, c087,) o

Z, =k (;ﬁ”‘: +Ze"+jX,, cosyc).

Similarly, for phases B and C it may be written:

u,=2,1,+2,.1,+Z,1

—BA—A —BB —B —BC —C
U.=z

l.+Z, 1, +Z.1
with impedances:

ol TE&pls T EcLles (29)
;BA = kB (;+e-wa +;7CWB +j XAM COSYB)

Zo=R+jX, +k (X, +Z.+Z)
kC (;+ej(chYB) +;fe-j(vcfva)+

+j X, cos(yC —yB) )
Z.=k (Ze"+Ze™+jX,, cosy.)
Z,=kk (Ze"™+Z e+

+j X, cos(y.-v,) )
Zo=R+jX, +k (X, +Z +Z)

(30)

As matrix, the equations (27) and (29) are
written:

[U]=[2]11].

where:

€2))
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— -

ZAA LZAB LZAC
= kB_ kc_
[;]: L;BA i2;55 L;BC =0
k=" K k. o)
Lz, Lz, Lz,
_kC_ kBkC_ ké_ N

If, according to the relations of transformation
in equation (31), symmetrical components are used,
we obtain:

[AllU. ]=[Z][A] [1. ] (33)
AN NN a4

The last equation is written with symmetrical
components. In this system the following symmetrical
motor impedances are defined:

Positive sequence impedance: £ =

Negative sequence impedance: Z, =—;

Zero sequence impedance: Z, =—"-.
A
As aresult, we may write the following equation
of voltages as a matrix:

E.

E, AC
, z
A

: "

4

.

=

E_u
\J

E_u
. 7

Fig. 4. The equivalent circuit for phase A of the
unsymmetrical induction motor.
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Zy 00
Lsl=| 0z o | Is] (35)
0 0 Z,
Using (34) and (35), we can write:
z. 0 0
0 z,. 0 [=[A] [Z2][A]. @6
0o 0 Z,

After an iterative process on the right side of the
equation, we obtain in the end:

Z, =R+jX +jX, (1-B)+hZ +eZ
Z, =R+jX +jX, (1-B)+eZ, +hZ

Z,=R+jX +jX, (1+2B)+ (37)
HI+2B)Z +2)
with notations:
1 1 1
RZE[RA‘FERB +ERC]
1 1 1
XGZE(XA0+EXBG+EXCGJ
1,. . )
o =§(smvs —sinyc —sin(yg —vc))
(38)

1
B=§(cosvs +cos e +cos(Ys — Ve )
h=1—|3+\/§oc
e=1-B—+3a

Impedances Z. and Z- in relation (37)
regarding phase A and motor parameters are related
to the reference winding turn number, i.e. phase A.

According to these results, we may now assert
the following: the induction motor with three
unsymmetrical phases, supplied by the unbalanced
sinusoidal voltages has been split in three fictitious
symmetrical motors.

The first three-phase fictitious motor has the phase
impedance Z , anditis supplied by a positive sequence
system of symmetrical voltages (U , , U , U ). The
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second fictitious motor has the phase impedance Z ,
and it is supplied by a negative sequence system of
symmetrical voltages. Finally, the third fictitious
motor has the phase impedance Z , with a voltage
system of zero sequence. Each sequence has distinct
voltages, distinct currents and distinct motors. All
of them are only fictitious and are obtained through
mathematical computation.

Relation (37) suggests a simple equivalent circuit
(figure 5) for each of the three fictitious symmetrical
motors.

For the positive sequence the apparent power in
complex form is:
S, =U, Ly +Ug lg +Uc I =

B

=U, ll + kBllAﬁz(kL_’:\ﬁ J"'

+ kcgka(kil_jhaz J:3QA+ L. (39
C

Last part of this relation confirms the symmetry
of the positive sequence fictitious motor represented
in figure 6.a. For negative sequence we obtain:

S =3U, I, (40)

and the negative sequence motor is represented in
figure 6.b. For the zero sequence:

Sy :3L1A0|_/.\0 (41)

and the diagram is the one in figure 6.c.

Impedances Z, , Z, , Z, depend from the
phase turn number and from the spatial displacement
angle (Ye and Yc). In figure 7 and in figure 8 are
represented the dependence of h and € by the
electrical displacement angle between phases.

DISCUSSIONS

* For a three-phase induction motor with following
data:YBZ 120°, Ye= 240°, Ke=ke= 1 from
relation (38) we obtain h =3, €=0, B=-1/2,
R=R,, X = X, . With these values impedance
from (37) becomes:

ZM=RA+j(XM+%XW)+3Z+- (42)

We can see that this is the particular case of
a three-phase symmetrical motor, with the
equivalent diagram known from figure 3.
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MM e A, . A,
LU |

1 C
+2pLY,
;0 il\_.->_

7 G+

l_ 1+2p)x,,

aann

LsapRe =
2 -

A, s A,
| ]
J l[|+ X, :
= 2 FP_
szlﬂﬁl\'_. ; i (1428 I
] :

Fig. 5. The equivalent circuits of the fictitious symmetrical
motors.
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al ,

Fig. 6. Schematic representation of the three fictitious
symmetrical motors.

* Any deviation from the “three-phase symmetry”
leads to value of € >0, i.e. to a negative sequence
component (for the magnetic field, for the current,
for the torque, etc.), while the positive sequence
decreases (h < 3). It is found once more that
the best three-phase electrical machine is the
symmetrical one, where h=3 and € = 0.
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Fig. 7. Variation curves of coefficient h versus Y& for
different values of Yc =constant.

Fig. 8. Variation curves of coefficient € versus Ye for

some values of fixed Yc =0.

From figures 7 and 8 we found that for yc =
constant, any curve h = f(Ys) has a maximum
for Ye= Yc/2 and any curve € = f('ye) has a
minimum also for Ys = Yc /2. In other words, if
the phases A and C are fixed, the best place for
phase B is on the bisector of the angle Y.

From relations (24) and (37) it can be seen that
Z, may be obtained from Z, by replacing (s)
with (2-s) we may write:

Zn (S): ;A+ (2 - S)- (43)
This means that fictitious motors in figure 6.a. and
figure 6.b. are identical (have same constructive
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data). However, they have distinct impedances
(Z, #Z, ) related to the positive sequence
and negative sequence of the supplied voltage,
respectively.

CONCLUSIONS

The paper analyses the general case of the
three-phase induction motor with unsymmetrical
stator windings supplied by three-phase unbalanced
voltages. The analyzed motor has a symmetrical
cage in the rotor.

By using the known method of symmetrical
components it has been analyzed the unbalanced
voltage system. The expressions of the symmetrical
components of supplying currents and voltages have
been established.

Based on these symmetrical components,
the expressions of the positive, negative and
zero sequence impedances of the motor have
been obtained. Such impedances represent three
fictitious symmetrical motors supplied with
positive, negative and zero sequence currents and
voltages. By particularization of the elaborated
mathematical expressions, the known cases of
formulas and equivalent circuits in steady-state
conditions have been finally obtained. Therefore, it
is demonstrated that the best three-phase induction
machine is the symmetrical one.

The obtained results allow the analysis of the
influence of certain unsymmetrical stator windings
on the squirrel-cage induction motor performances
in steady-state conditions.
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